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Semi-elliptic surface crackAbstract A theoretical model of semi-elliptic surface crack growth based on the low cycle strain
damage accumulation near the crack tip along the cracking direction and the Newman–Raju
formula is developed. The crack is regarded as a sharp notch with a small curvature radius and
the process zone is assumed to be the size of cyclic plastic zone. The modiﬁed Hutchinson, Rice
and Rosengren (HRR) formulations are used in the presented study. Assuming that the shape of
surface crack front is controlled by two critical points: the deepest point and the surface point.
The theoretical model is applied to semi-elliptic surface cracked Al 7075-T6 alloy plate under cyclic
loading, and ﬁve different initial crack shapes are discussed in present study. Good agreement
between experimental and theoretical results is obtained.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.1. Introduction
In many engineering applications, fatigue crack growth (FCG)
is often one of the principal factors for consideration during
the design stages and subsequent in service monitoring of a
component. The surface and the corner cracks in pressure ves-
sel pipe are always in three-dimensional stress status. Due to
the uncertainty of the surface crack front shape, crack growth
analysis has become the focus of attention of many researches.
Now, there are three methods which have been proposed to
analyze the surface crack problem: the conservative estimatemethod, the shape assuming method and the crack shape
tracking method.
The ASME XI assumed the crack aspect ratio parameter a,
a ¼ a=c, is constant. The BSI PD6493 assumed that the crack
width c keeps constant until the crack shape changes to round
and the round shape holds the end. The Newman–Raju for-
mula1 is a classical crack shape assuming method and has been
widely used in solving the surface crack problem where the
crack aspect ratio parameter a is assumed to be changeable.
Using the crack shape tracking method, the simulation of
non-penetrating crack is fulﬁlled with the three-dimensional
ﬁnite element method.2 The surface crack growth behavior is
discussed with the continuum damage mechanics, and the sur-
face crack growth under mixed mode cyclic loading condition
is simulated by the ﬁnite element method.3 What’s more,
several mathematical models have been proposed to predict the
surface crack growth behavior. Song et al.4 applied the energy
concept to predict the surface crack growth for 2024-T4 alumi-
num alloy. And, an approach with data obtained from the
through-thickness cracks test was established to predict the
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also considered.5 Therefore, the study on surface crack growth
behavior is still hot to solve the fatigue fracture problem in
engineering like the pressure vessels and pipes.
The surface crack growth behavior was studied based on
the Paris formula6,7 in the past researches. As we know, the
fatigue crack growth rate behavior and the low cycle fatigue
behavior are just different ways to describe material’s fatigue
properties, so there should be a connection to each other.8
Although some theoretical models9–11 based on the material
fatigue properties have been proposed, these models are still
involved with some human debugs. Therefore, a fatigue crack
growth prediction model based on the material’s low cycle
fatigue properties (FCG–LCF) is proposed to predict the
semi-elliptic surface crack growth. Notice that the inﬂuence
of the extending direction on the fatigue crack growth proper-
ties is ignored.
2. Theory of semi-elliptic surface crack growth
2.1. Stress–strain distribution near crack tip
A closed solution of the stress and strain distribution ahead
of a crack loaded in antiplane shear (mode III) during small-
scale yielding has been derived by Schwalbe.12 Based on the
Hutchinson, Rice and Rosengred (HRR) ﬁeld, a similar
analytical solution for the tensile loading (mode I), which is
generally the most important solution from an engineering
application viewpoint, is available for small scale yielding.
Despite the signiﬁcant plastic deformation in the crack tip
zone, the linear elastic fracture mechanics (LFEM) approach
is frequently regarded as a well-established theoretical method
for crack analysis.
The cyclic stress–strain relationship at the fatigue crack tip
of a material with strain hardening behavior is illustrated in
Fig. 1, where rc is the cyclic plastic zone, rm is the monotonic
plastic zone, Detip is strain range, Drtip is the stress range
and qc is the blunting radius. The plastic strain range near
crack tip can be described as
DepðrÞ ¼ 2ryc
E
rc
r
 1=ð1þn0Þ
ð1Þ
where Dep is the plastic strain range, ryc = Eeyc is the cyclic
tensile yielding stress, eyc is the cyclic tensile yielding strain,Fig. 1 Distribution of stress and strain at fatigue crack tip.E is the elastic modulus, r is the distance from the crack tip
and n0 the cyclic strain hardening exponent. Assuming
material’s Masing behavior is satisﬁed inside of the cyclic
plastic zone at the fatigue crack tip, the stress range can be
expressed as
DrðrÞ ¼ 2K0 Dep
2
 n0
ð2Þ
where Dr is the stress range, K0 is the cyclic strain hardening
coefﬁcient. The cyclic plastic zone rc can be determined by
rc ¼ 1
4pð1þ n0Þ
DK
ryc
 2
ð3Þ
in which DK is the stress intensity factor range.
According to ﬁnite element analysis, the curvature of the
crack tip is non-zero, and the plastic strain of the crack tip is
a ﬁnite value. Therefore, a parameter, critical crack blunting
radius qc, can be introduced. So, Eq. (1) can be rewritten as
follows:
Depðrþ qcÞ ¼
2ryc
E
rc
rþ qc
 1=ð1þn0Þ
ð4Þ
The critical crack blunting radius qc can be formulated by
qc ¼
1
4pð1þ n0Þ
DKth
ryc
 2
ð5Þ
in which DKth is the threshold stress intensity factor range. An
assumption is that material near the crack tip can be consid-
ered as a serial of fatigue elements under cyclic loading.
According to the low cycle fatigue theory, the relationship
between the low cycle fatigue life Nf and the cycle plastic strain
amplitude Dep can be described by
Dep ¼ 2e0fð2NfÞb ð6Þ
where Nf is the fatigue failure life, ef0 and b are the fatigue duc-
tility coefﬁcient and fatigue ductility exponent, respectively.
The hypothesis of linear damage accumulation is an impor-
tant theory for the current concept of service-life assessment.
According to the Miner linear damage accumulative theory,
the damage D of the material per one cycle is deﬁned as
1/Nf, where Nf is associated with the plastic strain range.
Therefore, the distribution of the damage along the crack
growth direction in the cyclic plastic zone can be described as
Dðrþ qcÞ ¼ 2
ryc
Ee0f
 1=b
rc
rþ qc
 1=ðbþbn0Þ
ð7Þ2.2. FCG–LCF model
It is assumed that each step of crack advancement size equals
the cyclic plastic zone size in study. Then, the sum of the dam-
ages that occur during each cycle can be expressed asX
D ¼
Z rcqc
0
Dðrþ qcÞdr ð8Þ
Therefore, a unit average damage is deﬁned as
D ¼
R rcqc
0
Dðrþ qcÞdr
r qc
ð9Þ
It is assumed that the crack advances one step when the
unit average damage13 is equal to one unit. Therefore, the life
and the rate of each step can be calculated as follows:
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Di
¼ rc  qcR rcqc
0
Dðrþ qcÞdr
da
dN
 
i
¼ rc  qc
Nfi
¼
Z rcqc
0
Dðrþ qcÞdr
ð10Þ
where da/dN is the fatigue crack growth rate, i is the serial
number, i= 1,2,3 . . ..
From Eq. (10), it is found that the fatigue crack growth
equals the sum of the nodes damages in the cyclic plastic zone.
Combining Eqs. (7) and (10), a new FCG prediction model
based on the mean plastic strain in the cyclic plastic zone
can be given as
da
dN
 
i
¼ 2 Ee
0
f
ryc
 1=b
 bþ bn
0
bþ bn0 þ 1  rc  1
qc
rc
 1þ 1
bþbn0
" #
ð11Þ
Considering Eq. (5), Eq. (11) can be further developed as
da
dN
 
i
¼ b
2pð1þ bþ bn0Þ 
Ee0f
ryc
 1=b
 DKi
ryc
 2
 1 DKth
DKi
 2þ2=ðbþbn0Þ" #
ð12Þ2.3. A model of semi-elliptic surface crack growth
The surface crack growth behavior cannot be described as one
point. Therefore, two controller points are deﬁned: the crack
deepest point B and the crack surface point A, as shown in
Fig. 2. W is width of the specimen, t the thickness of the spec-
imen, a/c the crack aspect ratio, a/t the relative crack depth,
and H half length of the specimen. Following the Newman
and Raju assumption on surface crack, the crack front shape
can always be described with ellipse function during the
extending process. Therefore, the prediction of the surface
crack front shape can be achieved by combining the FCG–
LCF and the two controller points, A and B. Based on the the-
ory analysis, The maximum average plastic strain damage,
fDA;DBgmax, will decide the process controller point. The cor-Fig. 2 Scheme of ﬂat surface crack under tension loading.responding minimum growth life, {NfA,NfB}min, is chosen as
the crack growth number of cycle to failure.
The stress intensity amplitude along the surface crack front
is calculated by the famous Newman–Raju formula1,14 and the
function for surface crack.15 Combining Eq. (12), the corre-
sponding extending steps of the two controller points A and
B have the following relationship.
ðdcÞA
ðdaÞB
¼ rcA  qc
rcB  qc
 NfB
NfA
¼
DKA
DKB
 2
 1 DKthDKA
 2þ2=ðcþcn0Þ 	
1 DKthDKB
 2þ2=ðcþcn0Þ ð13Þ
where subscript A and B is the two control points. Fig. 3 illus-
trates the ﬂow chart to determine the semi-elliptic surface crack
growth for a specimen. Where aﬁnal and cﬁnal is the ﬁnal depth
of surface and the half-length of surface crack, respectively.
3. Results and discussion
3.1. Semi-elliptic surface crack growth model validation
Noroozi et al.16 has studied the fatigue properties of Al 7075-
T6 alloy, and the fatigue data are shown in Table 1. TheFig. 3 Simulation approach of surface crack growth.
Table 1 Geometry size and low cycle fatigue properties of Al 7075-T6 material.
Parameter E (GPa) ryc (MPa) n0 e0f b 4Kth (MPaÆm1/2) H (mm) a0 = a0/c0 W (mm) t (mm) R
Value 71 469 0.088 0.19 0.52 1.98 100 2.5, 1.0. 0.8, 0.6, 0.4, 0.2 100 9.6 0.5
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growth behavior of the Al 7075-T6 alloy semi-elliptic surface
crack in tension plate was tested17 and the shape change of
the crack front has been obtained, see Fig. 5. It is found that
the predictions by FCG–LCF model agree with the experimen-
tal results.
Based on the proposed prediction theory, the shape change
of the elliptic crack front with different initial crack shape is
predicted, which has been compared with the experimental
results shown in Fig. 5. The geometric scale and the material
properties are the same as those in the reference paper, in
which the initial crack depth a0 is ﬁxed as 0.2 mm. Fig. 4 shows
that the prediction results for different shallow surface notches
are consistent with the test results, especially for the initial
shape parameter a0 a0 ¼ a0=c0, which equals 1.0, 0.8, 0.6, 0.4
and 0.2.
3.2. Predictions of different initial crack shapes
Taking Al 7075-T6 alloy as an example, the crack front change
of the elliptic surface crack with different shape parameters is
simulated. The initial geometry parameters are: thickness tFig. 4 Comparison of FCG–LCF results of Al 7075-T6 alloy.
Fig. 5 Comparison of shape change of elliptic crack front.17equals 10 mm, width W equals 20 mm, and the initial crack
aspect ratio a0 takes 1.0, 0.6 and 0.2, respectively. The
predictions of the shape change of the crack front during theFig. 6 Prediction shape change of crack front with initial crack
aspect ratio.
Fig. 7 a/t vs. a/c curve during the cracking.
734 K.K. Shi et al.extending process are demonstrated in Fig. 6 and the curves
which show the relationship between the crack aspect ratio
a ¼ a=c and the relative crack depth b= a/t are demonstrated
in Fig. 7.
Fig. 7 clearly shows that the maximum damage is found in
the controller point A, which deﬁnes the corresponding crack
growth life of the whole surface crack, when the initial crack
aspect ratio a0 < 1. Contrary to this, the maximum damage
turns to the deepest point B. Fig. 5 and Fig. 7 show that the
same trend of crack growth is found although the initial crack
shape parameter is different. Furthermore, the crack front all
becomes oval in shape after getting rounded, which is consis-
tent with the results reported in some recent studies.18
5. Conclusions
(1) From the point of low cycle fatigue strain damage, a new
fatigue crack growth rate model is proposed.
(2) Meanwhile, a theoretical model of semi-elliptic surface
crack growth is proposed combined with the famous
Newman–Raju formula. The proposed model has been
well testiﬁed with Al 7075-T6 alloy.
(3) The predictions of different initial crack shape are all
consistent with the reference test, and the results present
a conversion process of rounding ﬁrst before turning to
oval in shape.
(4) Furthermore, it is found that any two of the three initial
factors: initial crack aspect ratio a0, crack depth a0 and
half crack length c0 control the change of the surface
crack front.Acknowledgement
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